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What is Optimization?

Objective Function

Valid Subsets

min : f(x)

s.t.

...constraints on x...

x 2 Rn
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A Mathematical Program
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What is Optimization?
min : �3x+ y + z

s.t.

x

2  yz

x

2 + y

2  �z + 1

y � 0, z � 0

x 2 R
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Classes of Optimization Problems
Continuous Variables Continuous & Discrete Variables

Linear  
Constraints

Non-Linear  
Constraints

Linear Prog.

Quad. Prog.

Semi-Definite Prog.

Integer Prog.

Mixed-Integer Prog.

Mixed-Quad. Prog.

Mixed-Semi-Definite Prog.
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What is Combinatorial Optimization?

Objective Function
min : f(x)

s.t.

...constraints on x...

x 2 Rn
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Combinatorial Object

x 2 {0, 1}n
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Binary States

x 2 Zn
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Graphs with n nodes

2n
<latexit sha1_base64="EeKr/IxQKkz5BIyVhduoqpT+36I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeClx4r2g9oY9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FjpvvYoB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVc+tendXlXojj6MIZ3AOl+DBNdShAU1oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH/26jZw=</latexit><latexit sha1_base64="EeKr/IxQKkz5BIyVhduoqpT+36I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeClx4r2g9oY9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FjpvvYoB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVc+tendXlXojj6MIZ3AOl+DBNdShAU1oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH/26jZw=</latexit><latexit sha1_base64="EeKr/IxQKkz5BIyVhduoqpT+36I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeClx4r2g9oY9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FjpvvYoB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVc+tendXlXojj6MIZ3AOl+DBNdShAU1oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH/26jZw=</latexit><latexit sha1_base64="EeKr/IxQKkz5BIyVhduoqpT+36I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeClx4r2g9oY9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FjpvvYoB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVc+tendXlXojj6MIZ3AOl+DBNdShAU1oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH/26jZw=</latexit>

dn
<latexit sha1_base64="S+dctDN1hoo+gHwMwDOTBJ5cytw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix46bGi/YA2ls1m0i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+nfmdJ1SaJ/LBTFL0YzqUPOKMGivdh49yUKm6NXcOskq8glShQHNQ+eqHCctilIYJqnXPc1Pj51QZzgROy/1MY0rZmA6xZ6mkMWo/n586JedWCUmUKFvSkLn6eyKnsdaTOLCdMTUjvezNxP+8XmaiGz/nMs0MSrZYFGWCmITM/iYhV8iMmFhCmeL2VsJGVFFmbDplG4K3/PIqaV/WPLfm3V1V640ijhKcwhlcgAfXUIcGNKEFDIbwDK/w5gjnxXl3Phata04xcwJ/4Hz+AEn1jc4=</latexit><latexit sha1_base64="S+dctDN1hoo+gHwMwDOTBJ5cytw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix46bGi/YA2ls1m0i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+nfmdJ1SaJ/LBTFL0YzqUPOKMGivdh49yUKm6NXcOskq8glShQHNQ+eqHCctilIYJqnXPc1Pj51QZzgROy/1MY0rZmA6xZ6mkMWo/n586JedWCUmUKFvSkLn6eyKnsdaTOLCdMTUjvezNxP+8XmaiGz/nMs0MSrZYFGWCmITM/iYhV8iMmFhCmeL2VsJGVFFmbDplG4K3/PIqaV/WPLfm3V1V640ijhKcwhlcgAfXUIcGNKEFDIbwDK/w5gjnxXl3Phata04xcwJ/4Hz+AEn1jc4=</latexit><latexit sha1_base64="S+dctDN1hoo+gHwMwDOTBJ5cytw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix46bGi/YA2ls1m0i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+nfmdJ1SaJ/LBTFL0YzqUPOKMGivdh49yUKm6NXcOskq8glShQHNQ+eqHCctilIYJqnXPc1Pj51QZzgROy/1MY0rZmA6xZ6mkMWo/n586JedWCUmUKFvSkLn6eyKnsdaTOLCdMTUjvezNxP+8XmaiGz/nMs0MSrZYFGWCmITM/iYhV8iMmFhCmeL2VsJGVFFmbDplG4K3/PIqaV/WPLfm3V1V640ijhKcwhlcgAfXUIcGNKEFDIbwDK/w5gjnxXl3Phata04xcwJ/4Hz+AEn1jc4=</latexit><latexit sha1_base64="S+dctDN1hoo+gHwMwDOTBJ5cytw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix46bGi/YA2ls1m0i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+nfmdJ1SaJ/LBTFL0YzqUPOKMGivdh49yUKm6NXcOskq8glShQHNQ+eqHCctilIYJqnXPc1Pj51QZzgROy/1MY0rZmA6xZ6mkMWo/n586JedWCUmUKFvSkLn6eyKnsdaTOLCdMTUjvezNxP+8XmaiGz/nMs0MSrZYFGWCmITM/iYhV8iMmFhCmeL2VsJGVFFmbDplG4K3/PIqaV/WPLfm3V1V640ijhKcwhlcgAfXUIcGNKEFDIbwDK/w5gjnxXl3Phata04xcwJ/4Hz+AEn1jc4=</latexit>

2(
n
2)

<latexit sha1_base64="y0pUrDdVDCiswOiOPhwhbWZykJ8=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9gNgh4DXnKMYB6QxDA76SRDZmeWmVkhLvkSLx4U8eqnePNvnDwOmljQUFR1090VJYIbGwTf3sbm1vbObm4vv39weFTwj08aRqWaYZ0poXQrogYFl1i33ApsJRppHAlsRuPbmd98RG24kvd2kmA3pkPJB5xR66SeXyg/ZJJ02Egpg6Q87fnFoBTMQdZJuCRFWKLW8786fcXSGKVlghrTDoPEdjOqLWcCp/lOajChbEyH2HZU0hhNN5sfPiUXTumTgdKupCVz9fdERmNjJnHkOmNqR2bVm4n/ee3UDm66GZdJalGyxaJBKohVZJYC6XONzIqJI5Rp7m4lbEQ1ZdZllXchhKsvr5NGuRQGpfDuqlipLuPIwRmcwyWEcA0VqEIN6sAghWd4hTfvyXvx3r2PReuGt5w5hT/wPn8A0NKSjA==</latexit><latexit sha1_base64="y0pUrDdVDCiswOiOPhwhbWZykJ8=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9gNgh4DXnKMYB6QxDA76SRDZmeWmVkhLvkSLx4U8eqnePNvnDwOmljQUFR1090VJYIbGwTf3sbm1vbObm4vv39weFTwj08aRqWaYZ0poXQrogYFl1i33ApsJRppHAlsRuPbmd98RG24kvd2kmA3pkPJB5xR66SeXyg/ZJJ02Egpg6Q87fnFoBTMQdZJuCRFWKLW8786fcXSGKVlghrTDoPEdjOqLWcCp/lOajChbEyH2HZU0hhNN5sfPiUXTumTgdKupCVz9fdERmNjJnHkOmNqR2bVm4n/ee3UDm66GZdJalGyxaJBKohVZJYC6XONzIqJI5Rp7m4lbEQ1ZdZllXchhKsvr5NGuRQGpfDuqlipLuPIwRmcwyWEcA0VqEIN6sAghWd4hTfvyXvx3r2PReuGt5w5hT/wPn8A0NKSjA==</latexit><latexit sha1_base64="y0pUrDdVDCiswOiOPhwhbWZykJ8=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9gNgh4DXnKMYB6QxDA76SRDZmeWmVkhLvkSLx4U8eqnePNvnDwOmljQUFR1090VJYIbGwTf3sbm1vbObm4vv39weFTwj08aRqWaYZ0poXQrogYFl1i33ApsJRppHAlsRuPbmd98RG24kvd2kmA3pkPJB5xR66SeXyg/ZJJ02Egpg6Q87fnFoBTMQdZJuCRFWKLW8786fcXSGKVlghrTDoPEdjOqLWcCp/lOajChbEyH2HZU0hhNN5sfPiUXTumTgdKupCVz9fdERmNjJnHkOmNqR2bVm4n/ee3UDm66GZdJalGyxaJBKohVZJYC6XONzIqJI5Rp7m4lbEQ1ZdZllXchhKsvr5NGuRQGpfDuqlipLuPIwRmcwyWEcA0VqEIN6sAghWd4hTfvyXvx3r2PReuGt5w5hT/wPn8A0NKSjA==</latexit><latexit sha1_base64="y0pUrDdVDCiswOiOPhwhbWZykJ8=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9gNgh4DXnKMYB6QxDA76SRDZmeWmVkhLvkSLx4U8eqnePNvnDwOmljQUFR1090VJYIbGwTf3sbm1vbObm4vv39weFTwj08aRqWaYZ0poXQrogYFl1i33ApsJRppHAlsRuPbmd98RG24kvd2kmA3pkPJB5xR66SeXyg/ZJJ02Egpg6Q87fnFoBTMQdZJuCRFWKLW8786fcXSGKVlghrTDoPEdjOqLWcCp/lOajChbEyH2HZU0hhNN5sfPiUXTumTgdKupCVz9fdERmNjJnHkOmNqR2bVm4n/ee3UDm66GZdJalGyxaJBKohVZJYC6XONzIqJI5Rp7m4lbEQ1ZdZllXchhKsvr5NGuRQGpfDuqlipLuPIwRmcwyWEcA0VqEIN6sAghWd4hTfvyXvx3r2PReuGt5w5hT/wPn8A0NKSjA==</latexit>

Good News 
assignment space is finite

Bad News 
assignment space is HUGE!
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Why Combinatorial Optimization?

• All over the place 
• Beautiful Mathematics and Structure 
• Core building blocks in more complex 

optimization algorithms 
• Many are hard to solve (NP-Hard) 
• BUT, not necessarily hard
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Minimum Spanning Tree

• Given a weighted graph 
• Find a subtree with 

minimum edge weights

O(|E| log(|E|))
<latexit sha1_base64="n/6ljiiyiBP6ev4A/9rn00OJ7Cg=">AAAB/XicbZDLSgMxFIYz9VbrbapLN8EitCBlRgRdFkTozgr2Au1QMmmmDU0mQ5JRyrT4JC7Vjbj1SVz4NmbaWWjrD4GP/5zDOfn9iFGlHefbyq2tb2xu5bcLO7t7+wd28bClRCwxaWLBhOz4SBFGQ9LUVDPSiSRB3Gek7Y+v03r7gUhFRXivJxHxOBqGNKAYaWP17eJteXozhT0mhjClSqVvl5yqMxdcBTeDEsjU6NtfvYHAMSehxgwp1XWdSHsJkppiRmaFXqxIhPAYDUnXYIg4UV4yP30GT40zgIGQ5oUazt3fEwniSk24f+Zz08yRHqnlcmr+V+vGOrjyEhpGsSYhXuwKYga1gGkUcEAlwZpNDCAsqTkX4hGSCGsTWMHk4C7/ehVa51XXqbp3F6VaPUskD47BCSgDF1yCGqiDBmgCDB7BM3gFb9aT9WK9Wx+L1pyVzRyBP7I+fwAdLJOx</latexit><latexit sha1_base64="n/6ljiiyiBP6ev4A/9rn00OJ7Cg=">AAAB/XicbZDLSgMxFIYz9VbrbapLN8EitCBlRgRdFkTozgr2Au1QMmmmDU0mQ5JRyrT4JC7Vjbj1SVz4NmbaWWjrD4GP/5zDOfn9iFGlHefbyq2tb2xu5bcLO7t7+wd28bClRCwxaWLBhOz4SBFGQ9LUVDPSiSRB3Gek7Y+v03r7gUhFRXivJxHxOBqGNKAYaWP17eJteXozhT0mhjClSqVvl5yqMxdcBTeDEsjU6NtfvYHAMSehxgwp1XWdSHsJkppiRmaFXqxIhPAYDUnXYIg4UV4yP30GT40zgIGQ5oUazt3fEwniSk24f+Zz08yRHqnlcmr+V+vGOrjyEhpGsSYhXuwKYga1gGkUcEAlwZpNDCAsqTkX4hGSCGsTWMHk4C7/ehVa51XXqbp3F6VaPUskD47BCSgDF1yCGqiDBmgCDB7BM3gFb9aT9WK9Wx+L1pyVzRyBP7I+fwAdLJOx</latexit><latexit sha1_base64="n/6ljiiyiBP6ev4A/9rn00OJ7Cg=">AAAB/XicbZDLSgMxFIYz9VbrbapLN8EitCBlRgRdFkTozgr2Au1QMmmmDU0mQ5JRyrT4JC7Vjbj1SVz4NmbaWWjrD4GP/5zDOfn9iFGlHefbyq2tb2xu5bcLO7t7+wd28bClRCwxaWLBhOz4SBFGQ9LUVDPSiSRB3Gek7Y+v03r7gUhFRXivJxHxOBqGNKAYaWP17eJteXozhT0mhjClSqVvl5yqMxdcBTeDEsjU6NtfvYHAMSehxgwp1XWdSHsJkppiRmaFXqxIhPAYDUnXYIg4UV4yP30GT40zgIGQ5oUazt3fEwniSk24f+Zz08yRHqnlcmr+V+vGOrjyEhpGsSYhXuwKYga1gGkUcEAlwZpNDCAsqTkX4hGSCGsTWMHk4C7/ehVa51XXqbp3F6VaPUskD47BCSgDF1yCGqiDBmgCDB7BM3gFb9aT9WK9Wx+L1pyVzRyBP7I+fwAdLJOx</latexit><latexit sha1_base64="n/6ljiiyiBP6ev4A/9rn00OJ7Cg=">AAAB/XicbZDLSgMxFIYz9VbrbapLN8EitCBlRgRdFkTozgr2Au1QMmmmDU0mQ5JRyrT4JC7Vjbj1SVz4NmbaWWjrD4GP/5zDOfn9iFGlHefbyq2tb2xu5bcLO7t7+wd28bClRCwxaWLBhOz4SBFGQ9LUVDPSiSRB3Gek7Y+v03r7gUhFRXivJxHxOBqGNKAYaWP17eJteXozhT0mhjClSqVvl5yqMxdcBTeDEsjU6NtfvYHAMSehxgwp1XWdSHsJkppiRmaFXqxIhPAYDUnXYIg4UV4yP30GT40zgIGQ5oUazt3fEwniSk24f+Zz08yRHqnlcmr+V+vGOrjyEhpGsSYhXuwKYga1gGkUcEAlwZpNDCAsqTkX4hGSCGsTWMHk4C7/ehVa51XXqbp3F6VaPUskD47BCSgDF1yCGqiDBmgCDB7BM3gFb9aT9WK9Wx+L1pyVzRyBP7I+fwAdLJOx</latexit>
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Traveling Salesman

• Visit all points, minimize distance 

• f(x) - euclidian distance 
• x - set of all tours  

• (hamiltonian cycles)
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Knapsack

• Take items to maximize profit 
• Limited capacity you can 

carry (c)

min :
X

i

pixi

s.t.
X

i

wixi  c

x 2 {0, 1}n
<latexit sha1_base64="62J9SajMHgdGwqIFBcKX4bkDgE4="></latexit><latexit sha1_base64="62J9SajMHgdGwqIFBcKX4bkDgE4="></latexit><latexit sha1_base64="62J9SajMHgdGwqIFBcKX4bkDgE4="></latexit><latexit sha1_base64="62J9SajMHgdGwqIFBcKX4bkDgE4="></latexit>

Combinatorial 
Challenge

x 2 (0, 1)n
<latexit sha1_base64="H4iUh0OKnLDIiuPOLjwVMYI/Uhg=">AAAB+HicbVBNSwMxEJ31s9aPVj16CRalgpSNCHosevFYwX5Au5Zsmm1Ds9klyYp16S/x4kERr/4Ub/4b03YP2vpg4PHeDDPz/FhwbVz321laXlldW89t5De3tncKxd29ho4SRVmdRiJSLZ9oJrhkdcONYK1YMRL6gjX94fXEbz4wpXkk78woZl5I+pIHnBJjpW6xcIweUYdLVHZP8cm9VUpuxZ0CLRKckRJkqHWLX51eRJOQSUMF0bqN3dh4KVGGU8HG+U6iWUzokPRZ21JJQqa9dHr4GB1ZpYeCSNmSBk3V3xMpCbUehb7tDIkZ6HlvIv7ntRMTXHopl3FimKSzRUEikInQJAXU44pRI0aWEKq4vRXRAVGEGptV3oaA519eJI2zCnYr+Pa8VL3K4sjBARxCGTBcQBVuoAZ1oJDAM7zCm/PkvDjvzsesdcnJZvbhD5zPH5/AkRw=</latexit><latexit sha1_base64="H4iUh0OKnLDIiuPOLjwVMYI/Uhg=">AAAB+HicbVBNSwMxEJ31s9aPVj16CRalgpSNCHosevFYwX5Au5Zsmm1Ds9klyYp16S/x4kERr/4Ub/4b03YP2vpg4PHeDDPz/FhwbVz321laXlldW89t5De3tncKxd29ho4SRVmdRiJSLZ9oJrhkdcONYK1YMRL6gjX94fXEbz4wpXkk78woZl5I+pIHnBJjpW6xcIweUYdLVHZP8cm9VUpuxZ0CLRKckRJkqHWLX51eRJOQSUMF0bqN3dh4KVGGU8HG+U6iWUzokPRZ21JJQqa9dHr4GB1ZpYeCSNmSBk3V3xMpCbUehb7tDIkZ6HlvIv7ntRMTXHopl3FimKSzRUEikInQJAXU44pRI0aWEKq4vRXRAVGEGptV3oaA519eJI2zCnYr+Pa8VL3K4sjBARxCGTBcQBVuoAZ1oJDAM7zCm/PkvDjvzsesdcnJZvbhD5zPH5/AkRw=</latexit><latexit sha1_base64="H4iUh0OKnLDIiuPOLjwVMYI/Uhg=">AAAB+HicbVBNSwMxEJ31s9aPVj16CRalgpSNCHosevFYwX5Au5Zsmm1Ds9klyYp16S/x4kERr/4Ub/4b03YP2vpg4PHeDDPz/FhwbVz321laXlldW89t5De3tncKxd29ho4SRVmdRiJSLZ9oJrhkdcONYK1YMRL6gjX94fXEbz4wpXkk78woZl5I+pIHnBJjpW6xcIweUYdLVHZP8cm9VUpuxZ0CLRKckRJkqHWLX51eRJOQSUMF0bqN3dh4KVGGU8HG+U6iWUzokPRZ21JJQqa9dHr4GB1ZpYeCSNmSBk3V3xMpCbUehb7tDIkZ6HlvIv7ntRMTXHopl3FimKSzRUEikInQJAXU44pRI0aWEKq4vRXRAVGEGptV3oaA519eJI2zCnYr+Pa8VL3K4sjBARxCGTBcQBVuoAZ1oJDAM7zCm/PkvDjvzsesdcnJZvbhD5zPH5/AkRw=</latexit><latexit sha1_base64="H4iUh0OKnLDIiuPOLjwVMYI/Uhg=">AAAB+HicbVBNSwMxEJ31s9aPVj16CRalgpSNCHosevFYwX5Au5Zsmm1Ds9klyYp16S/x4kERr/4Ub/4b03YP2vpg4PHeDDPz/FhwbVz321laXlldW89t5De3tncKxd29ho4SRVmdRiJSLZ9oJrhkdcONYK1YMRL6gjX94fXEbz4wpXkk78woZl5I+pIHnBJjpW6xcIweUYdLVHZP8cm9VUpuxZ0CLRKckRJkqHWLX51eRJOQSUMF0bqN3dh4KVGGU8HG+U6iWUzokPRZ21JJQqa9dHr4GB1ZpYeCSNmSBk3V3xMpCbUehb7tDIkZ6HlvIv7ntRMTXHopl3FimKSzRUEikInQJAXU44pRI0aWEKq4vRXRAVGEGptV3oaA519eJI2zCnYr+Pa8VL3K4sjBARxCGTBcQBVuoAZ1oJDAM7zCm/PkvDjvzsesdcnJZvbhD5zPH5/AkRw=</latexit>
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Max-Cut
• Given a graph 
• Partition into two sets, such that edges between 

is maximized

5 Cut
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Why is Combinatorial 
Optimization Scientifically 

Interesting?
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Real World Motivation

• Many practical applications 
• 1D, 2D, 3D bin packing 
• routing 
• scheduling 
• resource allocation
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Comb. Opt. needs to be solved

YOU CANNOT FAIL!

You must have a solution, but… 
good algorithms are not obvious 

(P vs NP)
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Assumptions of the Practitioner

• P != NP (stuck with exp. scaling) 
• Real-world data is not adversarial 

• i.e. worst-case complexity is too rough a measure 

• Problem structure can be exploited on a 
case-by-case basis 

• Even the structure of specific input datasets
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Solution Methods

• Local Search (LS) (a.k.a. heuristics) 
• Simulated Annealing, Tabu Search, … 

• Integer Programming (IP) 
• Applied Math (simplex alg.) 

• Constraint Programming (CP) 
• logical deduction, dynamic prog.
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Solution Method Classes

Problem Size

So
lu

tio
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Hybrids

Simulated Annealing 
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LNS
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Homework

Discrete 

Simulated Annealing  
(1 of 19)
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Algorithm R&D 
for NP-Hard Problems?
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Algorithm Benchmarking

Better?

Current State-of-the-Art

Proposed Algorithm

Claim: On this problem, 
The proposed algorithm is state-of-the-art. 

The ends justify the means.

Not Claiming: On this problem,  
the proposed algorithm is the best 

(or even asymptotically better)

Protein 
Folding
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Experimental Algorithm Design

• Representative collection of specific test 
cases 

• Usually from industry applications 
• Test multiple algorithms on such cases 
• Compare key metrics 
• e.g. solution quality, wall-clock time
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So what! The algorithm is 
still exponential…

10n ) 2n
<latexit sha1_base64="LwOJuAhyN3luHshOx3u2BpOQaLE=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FSSIuix6MVjFfsBbSyb7aZdutmE3YlSQr34V7x4UMSr/8Kb/8ZNm4O2Phh4vDfDzDw/FlyD43xbhaXlldW14nppY3Nre8fe3WvqKFGUNWgkItX2iWaCS9YADoK1Y8VI6AvW8keXmd+6Z0rzSN7COGZeSAaSB5wSMFLPPnCdu1ROcPeGD4ZAlIoecDVTenbZqThT4EXi5qSMctR79le3H9EkZBKoIFp3XCcGLyUKOBVsUuommsWEjsiAdQyVJGTaS6cfTPCxUfo4iJQpCXiq/p5ISaj1OPRNZ0hgqOe9TPzP6yQQnHspl3ECTNLZoiARGCKcxYH7XDEKYmwIoYqbWzEdEkUomNBKJgR3/uVF0qxWXKfiXp+Waxd5HEV0iI7QCXLRGaqhK1RHDUTRI3pGr+jNerJerHfrY9ZasPKZffQH1ucP0X+Wew==</latexit><latexit sha1_base64="LwOJuAhyN3luHshOx3u2BpOQaLE=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FSSIuix6MVjFfsBbSyb7aZdutmE3YlSQr34V7x4UMSr/8Kb/8ZNm4O2Phh4vDfDzDw/FlyD43xbhaXlldW14nppY3Nre8fe3WvqKFGUNWgkItX2iWaCS9YADoK1Y8VI6AvW8keXmd+6Z0rzSN7COGZeSAaSB5wSMFLPPnCdu1ROcPeGD4ZAlIoecDVTenbZqThT4EXi5qSMctR79le3H9EkZBKoIFp3XCcGLyUKOBVsUuommsWEjsiAdQyVJGTaS6cfTPCxUfo4iJQpCXiq/p5ISaj1OPRNZ0hgqOe9TPzP6yQQnHspl3ECTNLZoiARGCKcxYH7XDEKYmwIoYqbWzEdEkUomNBKJgR3/uVF0qxWXKfiXp+Waxd5HEV0iI7QCXLRGaqhK1RHDUTRI3pGr+jNerJerHfrY9ZasPKZffQH1ucP0X+Wew==</latexit><latexit sha1_base64="LwOJuAhyN3luHshOx3u2BpOQaLE=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FSSIuix6MVjFfsBbSyb7aZdutmE3YlSQr34V7x4UMSr/8Kb/8ZNm4O2Phh4vDfDzDw/FlyD43xbhaXlldW14nppY3Nre8fe3WvqKFGUNWgkItX2iWaCS9YADoK1Y8VI6AvW8keXmd+6Z0rzSN7COGZeSAaSB5wSMFLPPnCdu1ROcPeGD4ZAlIoecDVTenbZqThT4EXi5qSMctR79le3H9EkZBKoIFp3XCcGLyUKOBVsUuommsWEjsiAdQyVJGTaS6cfTPCxUfo4iJQpCXiq/p5ISaj1OPRNZ0hgqOe9TPzP6yQQnHspl3ECTNLZoiARGCKcxYH7XDEKYmwIoYqbWzEdEkUomNBKJgR3/uVF0qxWXKfiXp+Waxd5HEV0iI7QCXLRGaqhK1RHDUTRI3pGr+jNerJerHfrY9ZasPKZffQH1ucP0X+Wew==</latexit><latexit sha1_base64="LwOJuAhyN3luHshOx3u2BpOQaLE=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FSSIuix6MVjFfsBbSyb7aZdutmE3YlSQr34V7x4UMSr/8Kb/8ZNm4O2Phh4vDfDzDw/FlyD43xbhaXlldW14nppY3Nre8fe3WvqKFGUNWgkItX2iWaCS9YADoK1Y8VI6AvW8keXmd+6Z0rzSN7COGZeSAaSB5wSMFLPPnCdu1ROcPeGD4ZAlIoecDVTenbZqThT4EXi5qSMctR79le3H9EkZBKoIFp3XCcGLyUKOBVsUuommsWEjsiAdQyVJGTaS6cfTPCxUfo4iJQpCXiq/p5ISaj1OPRNZ0hgqOe9TPzP6yQQnHspl3ECTNLZoiARGCKcxYH7XDEKYmwIoYqbWzEdEkUomNBKJgR3/uVF0qxWXKfiXp+Waxd5HEV0iI7QCXLRGaqhK1RHDUTRI3pGr+jNerJerHfrY9ZasPKZffQH1ucP0X+Wew==</latexit>

Compute budget: 1010
<latexit sha1_base64="LAWS4KCvsJndIkfB0SRuimgi9fI=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU0lE0GPRi8cK9gPatWTTbBuazS5JVihLf4QXD4p49fd489+YbfegrQ8GHu/NMDMvSKQwFuNvr7S2vrG5Vd6u7Ozu7R9UD4/aJk414y0Wy1h3A2q4FIq3rLCSdxPNaRRI3gkmt7nfeeLaiFg92GnC/YiOlAgFo9ZJHYIfM4Jng2oN1/EcaJWQgtSgQHNQ/eoPY5ZGXFkmqTE9ghPrZ1RbwSSfVfqp4QllEzriPUcVjbjxs/m5M3TmlCEKY+1KWTRXf09kNDJmGgWuM6J2bJa9XPzP66U2vPYzoZLUcsUWi8JUIhuj/Hc0FJozK6eOUKaFuxWxMdWUWZdQxYVAll9eJe2LOsF1cn9Za9wUcZThBE7hHAhcQQPuoAktYDCBZ3iFNy/xXrx372PRWvKKmWP4A+/zBz/8jtg=</latexit><latexit sha1_base64="LAWS4KCvsJndIkfB0SRuimgi9fI=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU0lE0GPRi8cK9gPatWTTbBuazS5JVihLf4QXD4p49fd489+YbfegrQ8GHu/NMDMvSKQwFuNvr7S2vrG5Vd6u7Ozu7R9UD4/aJk414y0Wy1h3A2q4FIq3rLCSdxPNaRRI3gkmt7nfeeLaiFg92GnC/YiOlAgFo9ZJHYIfM4Jng2oN1/EcaJWQgtSgQHNQ/eoPY5ZGXFkmqTE9ghPrZ1RbwSSfVfqp4QllEzriPUcVjbjxs/m5M3TmlCEKY+1KWTRXf09kNDJmGgWuM6J2bJa9XPzP66U2vPYzoZLUcsUWi8JUIhuj/Hc0FJozK6eOUKaFuxWxMdWUWZdQxYVAll9eJe2LOsF1cn9Za9wUcZThBE7hHAhcQQPuoAktYDCBZ3iFNy/xXrx372PRWvKKmWP4A+/zBz/8jtg=</latexit><latexit sha1_base64="LAWS4KCvsJndIkfB0SRuimgi9fI=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU0lE0GPRi8cK9gPatWTTbBuazS5JVihLf4QXD4p49fd489+YbfegrQ8GHu/NMDMvSKQwFuNvr7S2vrG5Vd6u7Ozu7R9UD4/aJk414y0Wy1h3A2q4FIq3rLCSdxPNaRRI3gkmt7nfeeLaiFg92GnC/YiOlAgFo9ZJHYIfM4Jng2oN1/EcaJWQgtSgQHNQ/eoPY5ZGXFkmqTE9ghPrZ1RbwSSfVfqp4QllEzriPUcVjbjxs/m5M3TmlCEKY+1KWTRXf09kNDJmGgWuM6J2bJa9XPzP66U2vPYzoZLUcsUWi8JUIhuj/Hc0FJozK6eOUKaFuxWxMdWUWZdQxYVAll9eJe2LOsF1cn9Za9wUcZThBE7hHAhcQQPuoAktYDCBZ3iFNy/xXrx372PRWvKKmWP4A+/zBz/8jtg=</latexit><latexit sha1_base64="LAWS4KCvsJndIkfB0SRuimgi9fI=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU0lE0GPRi8cK9gPatWTTbBuazS5JVihLf4QXD4p49fd489+YbfegrQ8GHu/NMDMvSKQwFuNvr7S2vrG5Vd6u7Ozu7R9UD4/aJk414y0Wy1h3A2q4FIq3rLCSdxPNaRRI3gkmt7nfeeLaiFg92GnC/YiOlAgFo9ZJHYIfM4Jng2oN1/EcaJWQgtSgQHNQ/eoPY5ZGXFkmqTE9ghPrZ1RbwSSfVfqp4QllEzriPUcVjbjxs/m5M3TmlCEKY+1KWTRXf09kNDJmGgWuM6J2bJa9XPzP66U2vPYzoZLUcsUWi8JUIhuj/Hc0FJozK6eOUKaFuxWxMdWUWZdQxYVAll9eJe2LOsF1cn9Za9wUcZThBE7hHAhcQQPuoAktYDCBZ3iFNy/xXrx372PRWvKKmWP4A+/zBz/8jtg=</latexit>

10n ) n  10
<latexit sha1_base64="5gQ2Tawa0nhw8mGrl4R94Nva0nE=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBVUlE0GXRjcsq9gHtWDJppg3NJGOSUcpQcOOvuHGhiFt/wp1/Y/pYaOuBCyfn3EvuPWEiuLEIfXu5hcWl5ZX8amFtfWNzy9/eqRmVasqqVAmlGyExTHDJqpZbwRqJZiQOBauH/YuRX79n2nAlb+wgYUFMupJHnBLrpLa/h9GthK1r3u1ZorV6gO4l2B3EqO0XUQmNAecJnpIimKLS9r9aHUXTmElLBTGmiVFig4xoy6lgw0IrNSwhtE+6rOmoJDEzQTa+YQgPndKBkdKupIVj9fdERmJjBnHoOmNie2bWG4n/ec3URmdBxmWSWibp5KMoFdAqOAoEdrhm1IqBI4Rq7naFtEc0odbFVnAh4NmT50ntuIRRCV+dFMvn0zjyYB8cgCOAwSkog0tQAVVAwSN4Bq/gzXvyXrx372PSmvOmM7vgD7zPH8V7lk4=</latexit><latexit sha1_base64="5gQ2Tawa0nhw8mGrl4R94Nva0nE=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBVUlE0GXRjcsq9gHtWDJppg3NJGOSUcpQcOOvuHGhiFt/wp1/Y/pYaOuBCyfn3EvuPWEiuLEIfXu5hcWl5ZX8amFtfWNzy9/eqRmVasqqVAmlGyExTHDJqpZbwRqJZiQOBauH/YuRX79n2nAlb+wgYUFMupJHnBLrpLa/h9GthK1r3u1ZorV6gO4l2B3EqO0XUQmNAecJnpIimKLS9r9aHUXTmElLBTGmiVFig4xoy6lgw0IrNSwhtE+6rOmoJDEzQTa+YQgPndKBkdKupIVj9fdERmJjBnHoOmNie2bWG4n/ec3URmdBxmWSWibp5KMoFdAqOAoEdrhm1IqBI4Rq7naFtEc0odbFVnAh4NmT50ntuIRRCV+dFMvn0zjyYB8cgCOAwSkog0tQAVVAwSN4Bq/gzXvyXrx372PSmvOmM7vgD7zPH8V7lk4=</latexit><latexit sha1_base64="5gQ2Tawa0nhw8mGrl4R94Nva0nE=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBVUlE0GXRjcsq9gHtWDJppg3NJGOSUcpQcOOvuHGhiFt/wp1/Y/pYaOuBCyfn3EvuPWEiuLEIfXu5hcWl5ZX8amFtfWNzy9/eqRmVasqqVAmlGyExTHDJqpZbwRqJZiQOBauH/YuRX79n2nAlb+wgYUFMupJHnBLrpLa/h9GthK1r3u1ZorV6gO4l2B3EqO0XUQmNAecJnpIimKLS9r9aHUXTmElLBTGmiVFig4xoy6lgw0IrNSwhtE+6rOmoJDEzQTa+YQgPndKBkdKupIVj9fdERmJjBnHoOmNie2bWG4n/ec3URmdBxmWSWibp5KMoFdAqOAoEdrhm1IqBI4Rq7naFtEc0odbFVnAh4NmT50ntuIRRCV+dFMvn0zjyYB8cgCOAwSkog0tQAVVAwSN4Bq/gzXvyXrx372PSmvOmM7vgD7zPH8V7lk4=</latexit><latexit sha1_base64="5gQ2Tawa0nhw8mGrl4R94Nva0nE=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBVUlE0GXRjcsq9gHtWDJppg3NJGOSUcpQcOOvuHGhiFt/wp1/Y/pYaOuBCyfn3EvuPWEiuLEIfXu5hcWl5ZX8amFtfWNzy9/eqRmVasqqVAmlGyExTHDJqpZbwRqJZiQOBauH/YuRX79n2nAlb+wgYUFMupJHnBLrpLa/h9GthK1r3u1ZorV6gO4l2B3EqO0XUQmNAecJnpIimKLS9r9aHUXTmElLBTGmiVFig4xoy6lgw0IrNSwhtE+6rOmoJDEzQTa+YQgPndKBkdKupIVj9fdERmJjBnHoOmNie2bWG4n/ec3URmdBxmWSWibp5KMoFdAqOAoEdrhm1IqBI4Rq7naFtEc0odbFVnAh4NmT50ntuIRRCV+dFMvn0zjyYB8cgCOAwSkog0tQAVVAwSN4Bq/gzXvyXrx372PSmvOmM7vgD7zPH8V7lk4=</latexit>

2n ) n  33
<latexit sha1_base64="XWXiCvO2skE46D6UG2dhkByheD8=">AAACAnicbVC7TsMwFHV4lvIKMCEWiwqJqUpaJBgrWBgLog+pDZXjOq1Vxwn2DaiKKhZ+hYUBhFj5Cjb+BrfNAC1HutLxOffK9x4/FlyD43xbC4tLyyurubX8+sbm1ra9s1vXUaIoq9FIRKrpE80El6wGHARrxoqR0Bes4Q8uxn7jninNI3kDw5h5IelJHnBKwEgde790K3H7mvf6QJSKHrB5CXaHy+WOXXCKzgR4nrgZKaAM1Y791e5GNAmZBCqI1i3XicFLiQJOBRvl24lmMaED0mMtQyUJmfbSyQkjfGSULg4iZUoCnqi/J1ISaj0MfdMZEujrWW8s/ue1EgjOvJTLOAEm6fSjIBEYIjzOA3e5YhTE0BBCFTe7YtonilAwqeVNCO7syfOkXiq6TtG9OilUzrM4cugAHaJj5KJTVEGXqIpqiKJH9Ixe0Zv1ZL1Y79bHtHXBymb20B9Ynz9cCZYa</latexit><latexit sha1_base64="XWXiCvO2skE46D6UG2dhkByheD8=">AAACAnicbVC7TsMwFHV4lvIKMCEWiwqJqUpaJBgrWBgLog+pDZXjOq1Vxwn2DaiKKhZ+hYUBhFj5Cjb+BrfNAC1HutLxOffK9x4/FlyD43xbC4tLyyurubX8+sbm1ra9s1vXUaIoq9FIRKrpE80El6wGHARrxoqR0Bes4Q8uxn7jninNI3kDw5h5IelJHnBKwEgde790K3H7mvf6QJSKHrB5CXaHy+WOXXCKzgR4nrgZKaAM1Y791e5GNAmZBCqI1i3XicFLiQJOBRvl24lmMaED0mMtQyUJmfbSyQkjfGSULg4iZUoCnqi/J1ISaj0MfdMZEujrWW8s/ue1EgjOvJTLOAEm6fSjIBEYIjzOA3e5YhTE0BBCFTe7YtonilAwqeVNCO7syfOkXiq6TtG9OilUzrM4cugAHaJj5KJTVEGXqIpqiKJH9Ixe0Zv1ZL1Y79bHtHXBymb20B9Ynz9cCZYa</latexit><latexit sha1_base64="XWXiCvO2skE46D6UG2dhkByheD8=">AAACAnicbVC7TsMwFHV4lvIKMCEWiwqJqUpaJBgrWBgLog+pDZXjOq1Vxwn2DaiKKhZ+hYUBhFj5Cjb+BrfNAC1HutLxOffK9x4/FlyD43xbC4tLyyurubX8+sbm1ra9s1vXUaIoq9FIRKrpE80El6wGHARrxoqR0Bes4Q8uxn7jninNI3kDw5h5IelJHnBKwEgde790K3H7mvf6QJSKHrB5CXaHy+WOXXCKzgR4nrgZKaAM1Y791e5GNAmZBCqI1i3XicFLiQJOBRvl24lmMaED0mMtQyUJmfbSyQkjfGSULg4iZUoCnqi/J1ISaj0MfdMZEujrWW8s/ue1EgjOvJTLOAEm6fSjIBEYIjzOA3e5YhTE0BBCFTe7YtonilAwqeVNCO7syfOkXiq6TtG9OilUzrM4cugAHaJj5KJTVEGXqIpqiKJH9Ixe0Zv1ZL1Y79bHtHXBymb20B9Ynz9cCZYa</latexit><latexit sha1_base64="XWXiCvO2skE46D6UG2dhkByheD8=">AAACAnicbVC7TsMwFHV4lvIKMCEWiwqJqUpaJBgrWBgLog+pDZXjOq1Vxwn2DaiKKhZ+hYUBhFj5Cjb+BrfNAC1HutLxOffK9x4/FlyD43xbC4tLyyurubX8+sbm1ra9s1vXUaIoq9FIRKrpE80El6wGHARrxoqR0Bes4Q8uxn7jninNI3kDw5h5IelJHnBKwEgde790K3H7mvf6QJSKHrB5CXaHy+WOXXCKzgR4nrgZKaAM1Y791e5GNAmZBCqI1i3XicFLiQJOBRvl24lmMaED0mMtQyUJmfbSyQkjfGSULg4iZUoCnqi/J1ISaj0MfdMZEujrWW8s/ue1EgjOvJTLOAEm6fSjIBEYIjzOA3e5YhTE0BBCFTe7YtonilAwqeVNCO7syfOkXiq6TtG9OilUzrM4cugAHaJj5KJTVEGXqIpqiKJH9Ixe0Zv1ZL1Y79bHtHXBymb20B9Ynz9cCZYa</latexit>
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Embrace Exponential
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Real Progress

• Mixed-Integer Programming 
• Includes Combinatorial Opt.

500,000x algorithmic  
speedup from 1993-2013

http://bob4er.blogspot.com/2015/05/amazing-solver-speedups.html

300,000x computational 

http://bob4er.blogspot.com/2015/05/amazing-solver-speedups.html
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The Optimization Landscape
Solvers (i.e. Algorithms) Benchmarks (i.e. Problems)

MINLPLIB
TSPLIB

CSPLIB

MIPLIB

QPLIB

Introduction Constraints Search Applications and Future Plans Conclusions

JaCoP
Java Constraint Programming Libraray

Krzysztof Kuchcinski and Radosław Szymanek

Dept. of Computer Science
Lund University, Sweden

http://www.jacop.eu

September 16, 2013
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Optimization Science

http://scip.zib.de/

http://plato.asu.edu/ftp/milpc.html

!27

http://scip.zib.de/
http://plato.asu.edu/ftp/milpc.html
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So what about D-Wave?
(QA)
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First-Order Approximation

• Input a classical hamiltonian (J,h) 
• If we set a sufficiently long annealing time 
• We get the ground state of an Ising Model

H(�) =
X

i,j

Jij�i�j +
X

i

hi�i

� 2 {�1, 1}
<latexit sha1_base64="v/bBEy4nFF06uIBRkBcM+PVCxBQ="></latexit><latexit sha1_base64="v/bBEy4nFF06uIBRkBcM+PVCxBQ="></latexit><latexit sha1_base64="v/bBEy4nFF06uIBRkBcM+PVCxBQ="></latexit><latexit sha1_base64="v/bBEy4nFF06uIBRkBcM+PVCxBQ="></latexit>
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An Optimization View

• Binary-Quadratic Program 
• No constraints (QUBO)

min :
X

i,j

Jij�i�j +
X

i

hi�i

s.t.

� 2 {�1, 1}
<latexit sha1_base64="iaLFPC4pLS0a+SRPzL7nY4UDz+c="></latexit><latexit sha1_base64="iaLFPC4pLS0a+SRPzL7nY4UDz+c="></latexit><latexit sha1_base64="iaLFPC4pLS0a+SRPzL7nY4UDz+c="></latexit><latexit sha1_base64="iaLFPC4pLS0a+SRPzL7nY4UDz+c="></latexit>

Eliminates a number 
of interesting problems 
(e.g. Knapsack, TSP)

What can we solve?

Class of Combinatorial Optimization
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An Optimization View

min :
X

i,j2E
�i�j

s.t.

�i 2 {�1, 1} 8i 2 N
<latexit sha1_base64="+B31JZLaBK1xM5n/nicKFCF2x94="></latexit><latexit sha1_base64="+B31JZLaBK1xM5n/nicKFCF2x94="></latexit><latexit sha1_base64="+B31JZLaBK1xM5n/nicKFCF2x94="></latexit><latexit sha1_base64="+B31JZLaBK1xM5n/nicKFCF2x94="></latexit>

G = (N , E)
<latexit sha1_base64="Y8vCjJH40rcFs+QqGQ6pNwxf7J8=">AAAB+3icbVBNS8NAEJ3Ur1o/GvXoZbEIFUpJRNCLUBCxJ6lgP6ANZbPdtEs3m7C7EUroL/GoXsSrP8WD/8Ztm4O2Phh4vDfDzDw/5kxpx/m2cmvrG5tb+e3Czu7eftE+OGypKJGENknEI9nxsaKcCdrUTHPaiSXFoc9p2x/fzPz2E5WKReJRT2LqhXgoWMAI1kbq28UewRzdoWtUvq/cnqG+XXKqzhxolbgZKUGGRt/+6g0ikoRUaMKxUl3XibWXYqkZ4XRa6CWKxpiM8ZB2DRU4pMpL54dP0alRBiiIpCmh0Vz9PZHiUKlJ6Ff80DSHWI/Usj0T//O6iQ6uvJSJONFUkMWuIOFIR2gWBBowSYnmE0Mwkcyci8gIS0y0iatgcnCXv14lrfOq61Tdh4tSrZ4lkodjOIEyuHAJNahDA5pAIIFneIU3a2q9WO/Wx6I1Z2UzR/AH1ucPO2SR9A==</latexit><latexit sha1_base64="Y8vCjJH40rcFs+QqGQ6pNwxf7J8=">AAAB+3icbVBNS8NAEJ3Ur1o/GvXoZbEIFUpJRNCLUBCxJ6lgP6ANZbPdtEs3m7C7EUroL/GoXsSrP8WD/8Ztm4O2Phh4vDfDzDw/5kxpx/m2cmvrG5tb+e3Czu7eftE+OGypKJGENknEI9nxsaKcCdrUTHPaiSXFoc9p2x/fzPz2E5WKReJRT2LqhXgoWMAI1kbq28UewRzdoWtUvq/cnqG+XXKqzhxolbgZKUGGRt/+6g0ikoRUaMKxUl3XibWXYqkZ4XRa6CWKxpiM8ZB2DRU4pMpL54dP0alRBiiIpCmh0Vz9PZHiUKlJ6Ff80DSHWI/Usj0T//O6iQ6uvJSJONFUkMWuIOFIR2gWBBowSYnmE0Mwkcyci8gIS0y0iatgcnCXv14lrfOq61Tdh4tSrZ4lkodjOIEyuHAJNahDA5pAIIFneIU3a2q9WO/Wx6I1Z2UzR/AH1ucPO2SR9A==</latexit><latexit sha1_base64="Y8vCjJH40rcFs+QqGQ6pNwxf7J8=">AAAB+3icbVBNS8NAEJ3Ur1o/GvXoZbEIFUpJRNCLUBCxJ6lgP6ANZbPdtEs3m7C7EUroL/GoXsSrP8WD/8Ztm4O2Phh4vDfDzDw/5kxpx/m2cmvrG5tb+e3Czu7eftE+OGypKJGENknEI9nxsaKcCdrUTHPaiSXFoc9p2x/fzPz2E5WKReJRT2LqhXgoWMAI1kbq28UewRzdoWtUvq/cnqG+XXKqzhxolbgZKUGGRt/+6g0ikoRUaMKxUl3XibWXYqkZ4XRa6CWKxpiM8ZB2DRU4pMpL54dP0alRBiiIpCmh0Vz9PZHiUKlJ6Ff80DSHWI/Usj0T//O6iQ6uvJSJONFUkMWuIOFIR2gWBBowSYnmE0Mwkcyci8gIS0y0iatgcnCXv14lrfOq61Tdh4tSrZ4lkodjOIEyuHAJNahDA5pAIIFneIU3a2q9WO/Wx6I1Z2UzR/AH1ucPO2SR9A==</latexit><latexit sha1_base64="Y8vCjJH40rcFs+QqGQ6pNwxf7J8=">AAAB+3icbVBNS8NAEJ3Ur1o/GvXoZbEIFUpJRNCLUBCxJ6lgP6ANZbPdtEs3m7C7EUroL/GoXsSrP8WD/8Ztm4O2Phh4vDfDzDw/5kxpx/m2cmvrG5tb+e3Czu7eftE+OGypKJGENknEI9nxsaKcCdrUTHPaiSXFoc9p2x/fzPz2E5WKReJRT2LqhXgoWMAI1kbq28UewRzdoWtUvq/cnqG+XXKqzhxolbgZKUGGRt/+6g0ikoRUaMKxUl3XibWXYqkZ4XRa6CWKxpiM8ZB2DRU4pMpL54dP0alRBiiIpCmh0Vz9PZHiUKlJ6Ff80DSHWI/Usj0T//O6iQ6uvJSJONFUkMWuIOFIR2gWBBowSYnmE0Mwkcyci8gIS0y0iatgcnCXv14lrfOq61Tdh4tSrZ4lkodjOIEyuHAJNahDA5pAIIFneIU3a2q9WO/Wx6I1Z2UzR/AH1ucPO2SR9A==</latexit>

MAX CUT = Anti-Ferromagnet
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Ising-Friendly Comb. Opt. Problems

• Weighted Max-Cut 
• Max Clique 
• Max Independent Set 
• Vertex Cover 
• …

Ising formulations of many NP problems
https://arxiv.org/abs/1302.5843

min :
X

i,j2E
Jij�i�j +

X

i2N
hi�i

s.t.

�i 2 {�1, 1} 8i 2 N
<latexit sha1_base64="f0PLkmFLQrLE2aAhJLPQJkWt6/U="></latexit><latexit sha1_base64="f0PLkmFLQrLE2aAhJLPQJkWt6/U="></latexit><latexit sha1_base64="f0PLkmFLQrLE2aAhJLPQJkWt6/U="></latexit><latexit sha1_base64="xtOTJYlGliQdWkCUsNXawJXE3mM=">AAAB3HicbZDNSgMxFIXv1L86Vq1rN8EiuJAy40aXghuXFZy20A4lk8m0oUlmSO4IZegLuBM34nu58G1MfxbaeiDwcU5C7j1JIYXFIPj2aju7e/sH9UP/qOEfn5w2G12bl4bxiOUyN/2EWi6F5hEKlLxfGE5VInkvmT4s8t4LN1bk+hlnBY8VHWuRCUbRWZ1RsxW0g6XINoRraMFao+bXMM1ZqbhGJqm1gzAoMK6oQcEkn/vD0vKCsikd84FDTRW3cbUcc04unZOSLDfuaCRL9/eLiiprZyq5TpS7rChO7Ga8MP/LBiVmd3EldFEi12z1V1ZKgjlZrE1SYThDOXNAmRFuXMIm1FCGrhzf1RBuLr0N3Zt2GLTDpwDqcA4XcAUh3MI9PEIHImCQwiu8e1PvzftY1VXz1r2dwR95nz8OqotC</latexit><latexit sha1_base64="jwjh76kJdHOBZEF6Cnel6H8oc1Q="></latexit><latexit sha1_base64="jwjh76kJdHOBZEF6Cnel6H8oc1Q="></latexit><latexit sha1_base64="PQNl/eWwuYIf+roozOESGJMZl4I="></latexit><latexit sha1_base64="f0PLkmFLQrLE2aAhJLPQJkWt6/U="></latexit><latexit sha1_base64="f0PLkmFLQrLE2aAhJLPQJkWt6/U="></latexit><latexit sha1_base64="f0PLkmFLQrLE2aAhJLPQJkWt6/U="></latexit><latexit sha1_base64="f0PLkmFLQrLE2aAhJLPQJkWt6/U="></latexit><latexit sha1_base64="f0PLkmFLQrLE2aAhJLPQJkWt6/U="></latexit><latexit sha1_base64="f0PLkmFLQrLE2aAhJLPQJkWt6/U="></latexit>
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This thing is amazingly complex
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Challenges

• Hardware Connectivity Graph (Chimera) 
• Sparse 
• Bi-partide 
• max-cut is trivial C5
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Challenges

• The D-Wave Problem

C5

min :
X

i,j2E
Jij�i�j +

X

i2N
hi�i

s.t.

E ✓ C16
�i 2 {�1, 1} 8i 2 N

<latexit sha1_base64="N6M9WX9p5Y2vLOdr/9gxIebbvTA="></latexit><latexit sha1_base64="N6M9WX9p5Y2vLOdr/9gxIebbvTA="></latexit><latexit sha1_base64="N6M9WX9p5Y2vLOdr/9gxIebbvTA="></latexit><latexit sha1_base64="N6M9WX9p5Y2vLOdr/9gxIebbvTA="></latexit>

min :
X

i,j2E
Jij�i�j +

X

i2N
hi�i

s.t.

�i 2 {�1, 1} 8i 2 N
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�1  Jij  1

�1  hi  1
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Challenges - Other Graphs

X1 S1

Source Graph Target Graph
only 6 
edges!



Operated by Los Alamos National Security, LLC for the U.S. Department of Energy's NNSA

!37

Challenges - Other Graphs

X1 S’1

Source Graph Target Graph

S1

chain
logical interactions

Warning: Can for worms!
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Challenges (second-order approx.)

• Low-temp sampler, not adiabatic optimizer 
• Analog noise 
• Biases 
• Programming errors 
• et. al. (see QPU guide)

“Technical Description of the D-Wave Quantum Processing Unit”
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Despite Challenges…
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Benchmarking a D-Wave
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The Benchmarking Problem

QPLIB

DIMACS 
Max-Clique

DW2XC12

Embedding

ISTI ‘16

FAIL
https://youtu.be/uEsfVAVd5ks

https://youtu.be/uEsfVAVd5ks
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A Benchmarking Stopgap

DW2XC12

B-QP 
Solvers

or-tools

…

Problem 
Generation
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Problems with Problem Generation

• How hard are randomly generated problems? 
• Lessons learned from Random SAT
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Abstract 

We report results from large-scale experiments in 
satisfiability testing. As has been observed by 
others, testing the satisfiability of random formu- 
las often appears surprisingly easy. Here we show 
that by using the right distribution of instances, 
and appropriate parameter values, it is possible 
to generate random formulas that are hard, that 
is, for which satisfiability testing is quite difficult. 
Our results provide a benchmark for the evalua- 
tion of satisfiability-testing procedures. 

Introduction 
Many computational tasks of interest to AI, to the ex- 
tent that they can be precisely characterized at all, 
can be shown to be NP-hard in their most general 
form. However, there is fundamental disagreement, at 

least within the AI community, about the implications 
of this. It is claimed on the one hand that since the 
performance of algorithms designed to solve NP-hard 
tasks degrades rapidly with small increases in input 
size, something will need to be given up to obtain ac- 
ceptable behavior. On the other hand, it is argued 
that this analysis is irrelevant to AI since it based on 
worst-case scenarios, and that what is really needed is 
a better understanding of how these procedures per- 
form “on average”. 

The first computational task shown to be NP-hard, 
by Cook (1971) was propositional satisfiability or 
SAT: given a formula of the propositional calculus, de- 
cide if there is an assignment to its variables that makes 
the formula true according to the usual rules of inter- 
pretation. Subsequent tasks have been shown to be 
NP-hard by proving they are at least as hard as SAT. 
Roughly, a task is NP-hard if a good algorithm for it 
would entail a good algorithm for SAT. Unlike many 
other NP-hard tasks (see Garey and Johnson (1979) for 
a catalogue), SAT is of special concern to AI because 
of its direct relationship to deductive reasoning (i.e., 
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given a collection of base facts C, a sentence cy may be 
deduced iff C U {lo} is not satisfiable). Many other 
forms of reasoning, including default reasoning, diag- 
nosis, planning and image interpretation, also make 

direct appeal to satisfiability. The fact that these usu- 
ally require much more than the propositional calculus 
simply highlights the fact that SAT is a fundamental 
task, and that developing SAT procedures that work 
well in AI applications is essential. 

We might ask when it is reasonable to use a sound 
and complete procedure for SAT, and when we should 
settle for something less. Do hard cases come up often, 
or are they always a result of strange encodings tailored 
for some specific purpose ? One difficulty in answering 
such questions is that there appear to be few applica 
ble analytical results on the expected difficulty of SAT 
(although see below). It seems that, at least for the 
time being, we must rely largely on empirical results. 

A number of papers (some discussed below) have 
claimed that the difficulty of SAT on randomly gen- 
erated problems is not so daunting. For example, an 
often-quoted result (Goldberg, 1979; Goldberg et al. 
1982) suggests that SAT can be readily solved “on av- 
erage” in 0(n2) time. This does not settle the question 
of how well the methods will work in practice, but at 
first blush it does appear to be more relevant to AI 
than contrived worst cases. 

The big problem is that to examine how well a pro- 
cedure does on average one must assume a distribution 
of instances. Indeed, as we will discuss below, Franc0 
and Paul1 (1983) refuted the Goldberg result by show- 
ing that it was a direct consequence of their choice of 
distribution. It’s not that Goldberg had a clever al- 
gorithm, or that the problem is easy, but that they 
had used a distribution with a preponderance of easy 
instances. That is, from the space of all problem in- 
stances, they sampled in a way that produced almost 
no hard cases. 

Nevertheless, papers continue to appear purport- 
ing to empirically demonstrate the efficacy of some 
new procedure, but using just this distribution (e.g., 
Hooker, 1988; Kamath et al. 1990), or presenting data 
suggesting that very large satisfiability problems - 
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Example: What’s the Difference?

EASIEST
ferromagnet 
in disguise!

HARDEST
super frustrated 

system



Operated by Los Alamos National Security, LLC for the U.S. Department of Energy's NNSA

!45

The Key Challenge

How to generate a HARD D-Wave case

?
look to the literature 
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Proposed Problem Generators

• RAN-k 
• set field to zero 
• set couplers at random 
• use k discrete steps

https://arxiv.org/abs/1508.05087

https://arxiv.org/abs/1508.05087
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Proposed Problem Generators

• RANF-k 
• set field at random 
• set couplers at random 
• use k discrete steps
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Proposed Problem Generators

• Frustrated Loops (FL) 
• find random cycles 
• add one edge of 

frustration 
• overlay multiple cycles

https://arxiv.org/abs/1508.05087

https://arxiv.org/abs/1508.05087
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Proposed Problem Generators
• Frustrated Cluster Loops 

(FCL) 
• find random cycles 
• add one edge of frustration 
• overlay multiple cycles

https://arxiv.org/abs/1701.04579
https://arxiv.org/abs/1703.00622

https://arxiv.org/abs/1701.04579
https://arxiv.org/abs/1703.00622
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Proposed Problem Generators

• Weak-Strong Cluster 
Networks (WSCN) 

• random grid of two 
cell gadgets

https://arxiv.org/abs/1512.02206

https://arxiv.org/abs/1512.02206
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What to Compare?
Cases Solvers

?
HFS

or-tools

qbsolv

SA
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Solution Method Classes
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Classic B-QP Solver

Run Time

Solution 
Cost

goal

Best Sol. Found (Upper Bound)

Opt. Proof

Lower Bound on Sol.
Time Limit (10m)

Opt. Gap {
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HFS Solver
Hamze-de Freitas-Selby (HFS)

https://github.com/alex1770/QUBO-Chimera
https://arxiv.org/pdf/1207.4149.pdf

From Fields to Trees

Firas Hamze Nando de Freitas

Computer Science Department
University of British Columbia
{fhamze,nando}@cs.ubc.ca

Abstract

We present new MCMC algorithms for com-
puting the posterior distributions and expec-
tations of the unknown variables in undi-
rected graphical models with regular struc-
ture. For demonstration purposes, we fo-
cus on Markov Random Fields (MRFs). By
partitioning the MRFs into non-overlapping
trees, it is possible to compute the posterior
distribution of a particular tree exactly by
conditioning on the remaining tree. These
exact solutions allow us to construct effi-
cient blocked and Rao-Blackwellised MCMC
algorithms. We show empirically that tree
sampling is considerably more efficient than
other partitioned sampling schemes and the
naive Gibbs sampler, even in cases where
loopy belief propagation fails to converge.
We prove that tree sampling exhibits lower
variance than the naive Gibbs sampler and
other naive partitioning schemes using the
theoretical measure of maximal correlation.
We also construct new information theory
tools for comparing different MCMC schemes
and show that, under these, tree sampling is
more efficient.

1 INTRODUCTION

Rao-Blackwellised sampling is a powerful inference
tool for probabilistic graphical models (Doucet, de Fre-
itas, Murphy and Russell 2000, Paskin 2003, Bidyuk
and Dechter 2003). In this paper, we propose a new
Rao-Blackwellised MCMC algorithm for MRFs, which
is easily expandable to other models, such as condi-
tional random fields (Kumar and Hebert 2003, Mc-
Callum, Rohanimanesh and Sutton 2003). MRFs play
an important role in spatial statistics and computer
vision (Besag 1986, Besag 1974, Li 2001). Existing
MCMC algorithms for MRFs tend to be slow and
fail to exploit the structural properties of the MRF

Figure 1: At left, illustration of a partitioned MRF; nodes in the
shaded and white regions are ∆1, ∆2 respectively, with the small
black circles representing observations. At right, depiction of the
two-stage sampler; sampled values are large black circles. Condi-
tioned on ∆1, the variables in ∆2 form a tree. Using this two-stage
scheme, Rao-Blackwellised estimators are guaranteed to outperform
naive ones.

graphical model (Geman and Geman 1984, Swendsen
and Wang 1987). In contrast, variational approxima-
tion schemes (Yedidia, Freeman and Weiss 2000, Wain-
wright, Jaakkola and Willsky 2003) do exploit struc-
tural properties, but may often fail to converge.

The algorithm proposed in this paper exploits the
property that MRFs can be split into two disjoint
trees. By carrying out exact inference on each tree,
it is possible to sample half of the MRF nodes in a
single MCMC step. Our theorems will show that this
tree sampling method outperforms simpler MCMC
schemes. In particular, it exhibits lower correlation
between samples and a faster geometric convergence
rate. These theoretical results will be mirrored by our
numerical examples.

2 TREE SAMPLING FOR MRFS

2.1 MODEL SPECIFICATION

We specify the MRF distribution on a graph G(V , E),
with edges E and N nodes V as shown in Figure 1 left.
The clear nodes correspond to the unknown discrete
states x ∈ {1, . . . , nx}, while the attached black nodes
represent discrete observations y ∈ {1, . . . , nx} (they
could also be Gaussian). According to this graph, the
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Optimization Loop using DP
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Abstract

We present new MCMC algorithms for com-
puting the posterior distributions and expec-
tations of the unknown variables in undi-
rected graphical models with regular struc-
ture. For demonstration purposes, we fo-
cus on Markov Random Fields (MRFs). By
partitioning the MRFs into non-overlapping
trees, it is possible to compute the posterior
distribution of a particular tree exactly by
conditioning on the remaining tree. These
exact solutions allow us to construct effi-
cient blocked and Rao-Blackwellised MCMC
algorithms. We show empirically that tree
sampling is considerably more efficient than
other partitioned sampling schemes and the
naive Gibbs sampler, even in cases where
loopy belief propagation fails to converge.
We prove that tree sampling exhibits lower
variance than the naive Gibbs sampler and
other naive partitioning schemes using the
theoretical measure of maximal correlation.
We also construct new information theory
tools for comparing different MCMC schemes
and show that, under these, tree sampling is
more efficient.

1 INTRODUCTION

Rao-Blackwellised sampling is a powerful inference
tool for probabilistic graphical models (Doucet, de Fre-
itas, Murphy and Russell 2000, Paskin 2003, Bidyuk
and Dechter 2003). In this paper, we propose a new
Rao-Blackwellised MCMC algorithm for MRFs, which
is easily expandable to other models, such as condi-
tional random fields (Kumar and Hebert 2003, Mc-
Callum, Rohanimanesh and Sutton 2003). MRFs play
an important role in spatial statistics and computer
vision (Besag 1986, Besag 1974, Li 2001). Existing
MCMC algorithms for MRFs tend to be slow and
fail to exploit the structural properties of the MRF

Figure 1: At left, illustration of a partitioned MRF; nodes in the
shaded and white regions are ∆1, ∆2 respectively, with the small
black circles representing observations. At right, depiction of the
two-stage sampler; sampled values are large black circles. Condi-
tioned on ∆1, the variables in ∆2 form a tree. Using this two-stage
scheme, Rao-Blackwellised estimators are guaranteed to outperform
naive ones.

graphical model (Geman and Geman 1984, Swendsen
and Wang 1987). In contrast, variational approxima-
tion schemes (Yedidia, Freeman and Weiss 2000, Wain-
wright, Jaakkola and Willsky 2003) do exploit struc-
tural properties, but may often fail to converge.

The algorithm proposed in this paper exploits the
property that MRFs can be split into two disjoint
trees. By carrying out exact inference on each tree,
it is possible to sample half of the MRF nodes in a
single MCMC step. Our theorems will show that this
tree sampling method outperforms simpler MCMC
schemes. In particular, it exhibits lower correlation
between samples and a faster geometric convergence
rate. These theoretical results will be mirrored by our
numerical examples.

2 TREE SAMPLING FOR MRFS

2.1 MODEL SPECIFICATION

We specify the MRF distribution on a graph G(V , E),
with edges E and N nodes V as shown in Figure 1 left.
The clear nodes correspond to the unknown discrete
states x ∈ {1, . . . , nx}, while the attached black nodes
represent discrete observations y ∈ {1, . . . , nx} (they
could also be Gaussian). According to this graph, the
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D-Wave For Optimization

DW2XC12

• 10,000 samples @ 5 micro 
seconds each 

• Random gauge transform 
every 100 samples 

• Use the best of all samples 
• Takes 3.5 seconds on the 

QPU
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Time for the Fun Stuff!

HFS
D-Wave 
Instance 

Generator 
(DWIG)

BQPSOLVERS
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Structure of the Benchmark Study 

RAN-k

RANF-k

FL-k

FCL-k

WSCN
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Problem Hardness Test
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How does Hardness change with K?
RAN Steps vs Runtime
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Marc  
(T-4)

Sidhant  
(T-5)

Andrey  
(CNLS/T-4)

These guys know what they are talking about
“Have you tried setting the couplers to -1,1 at random?”

09/2016
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Focusing
A Detailed Study of RAN-1

HFS

(Similar story for RANF-1, omitted for time)
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Detailed Runtime Studies

C5

C12

Part 1 Part 2

HFS

Quality Validation
(Known Global Optimum)

Wishful Extrapolation
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Detailed Runtime Studies

Run Time

Solution 
Cost

goal

Best Sol. Found (Upper Bound)

Opt. Proof

Lower Bound on Sol.
Time Limit (10m)

Opt. Gap {
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Detailed Runtime Study 1 (RAN-1)
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Detailed Runtime Study 1 (RAN-1) C5
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Detailed Runtime Study 2 (RAN-1) C12
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Detailed Annealing Time Study C12
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A Word of Caution about RAN-1
• The relative difference in energy between the best HFS 

solution and the worst HFS solution is only <1% 
• And a similar property is true for the D-Wave! 

• This suggests that the RAN problem has many nearly-equal 
local minima 
• This property is not desirable for benchmarking 

heuristics (e.g. SA, TabuSearch, HFS) 
• Continued work is needed to design generators of           

more challenging test cases!
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D-Wave Benchmarking Thoughts

• It seems that all of the popular test cases 
from the literature are “easy” 

• Our D-Wave chip is reliable for well-suited 
optimization applications (e.g. max cut), but 
the point where it will overtake state-of-the-
art classical methods is not yet clear
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Combinatorial Optimization Conclusion

• Combinatorial Optimization is super 
interesting 

• Lot of established algorithms / tools 

• QC will have a BIG impact (at some point)
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Thanks!


